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smMARY

!I&ansientdataresultingfromapproximate

EmINE

stepandsinusoidaldis-
turbancesoffuelflowwereobtainedona turbojet-engineoperatedat-
oneconstantshulatedaltitudeandfli@rtcondition.Thedatawere
analyzedto evaluatevariousproceduresforobtaq enginedynamic
characteristics.

Threeofthemorecommonmethodsofanalysischosenforstudy
gavethefollowtnginfcmmation:(1)Transientmlysis yieldedthe
basicdynamiccharacteristicswithminimum~ t~ ~d c~utation.
(2)Fourieranalysisyieldedenginefrequencyspectrabeneficialk
controlsynthesis,butwassensitiveto instrumentationandapproxima-
tionerrors.hrputationtimewasexcessive.(3)AC analysisyielded
theadditionalhigh-frequencycharacteristicsoftheengineatthe
expenseoflongerrumlngtimeandmoderateamountofcomputation.

withtheuseofthesethreemethods,accurateenginedynamics
datacouldbe obtainedforuseinhighgaincontrolsonlyifthesource
impedancessadenginenonlin=itieswereconsidered.Also,under
certainrestrictionsandapproximations,functionalrelationships
oouldhe usedtoderiveturbojetenginetransf’erfunctkms.

INTRoDumm

-cal systemsare,
differentialequatims.Ih

ingen”eral,describedW definedby
- =ses,thee~erimentaldetemnhation

oftheseequationsandtheirutilizati%inmalysesareveryawkward
ordifficult.E’,as inthecaseoftheturbojetengine,thedynemics
canbe assumedtobe essentiallylinear,alternativemoreusefulrepre-
sentationsc-anbe used.

TheFourierintegraltheoremisthebasicmathematicaltechnique
whichtranslatesthedynamicalbehabiorof13ne= systemsfiomthetime
domaintothefrequencydomainandviceversa.Inthetimedomain,the
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systemdynamicsare
suchasa stepora
sinusoidalresponse
ence‘1,oh.10).

describedby thetime
yulse.Thefrequency
(amplitudeandphase)

lWOATN 2634

responseto trmsientinputs,
dmain ischaracterizedby
toa sinusoidalinput(refer-

Thereisthusa choiceastotheexperhmialtechniquestobe
usedininvestigatingturbojetenginea=cs. Theuseoftransient
tiputsgivesdirectlythetimedomaininformationwhichisthemost
dtictdescriptionofthequalityandnatureofthesystam.Theuse
ofsinusoidalinputsgivesdirectlythefrequencyresponse;d this
formis oftenmostusefulinanalyses,suchas closedloopcontrol
systemsnalyses,stabilitytests,andeffectsofraudomtnputs(refer-
ence2, ch.4).”

I?oridealsystemsthevariousexperimentaltechniques,usedin
conjunctionwithFourieranalysisto convertfromme dcmaintothe
other,wouldgiveidenticalresults.If oneofthestandardinputs
difficultto obtati,thatinputwhichisobtainedwithfacilitycan
wed. Theresponsetothisinputcanbetranslated,theoreti~ll.y,

is
be
to

theresponsetothedesiredinput(reference3,p. 37,andreference1,
ch.10). Considerationsofdeviationsframlinearity,accuracyof
instrumentation,noiseor ‘hash,”aswell.asthepraoticalconsidera-
tionsofMmitaticmsofmmningtimeandofeaseofobtainingandpro-
cessingdata,however,separatethevariousmethodsasto their
applicability.

Theob~ectoftMs reportistoprotidea detailedcomparisonof
threemethodsofanalysis,cmriedoutattheIWCASew5_slaboratory,
inordertomakepossiblea choiceofa suttablemethodofdetemnining
enginedynamiccharacteristics.Dataresultingfromauapproximate
stepfunctioninputareanalyzedby twomethods:(1)Flumtional
relationshipsareobserveddirectlyficmthedatawhichleadtodiffer-
entialequationstiescribin.gthedata,and(2)I?ourieranalysisofthe
dataisperformed.A thirdmethodusesdataresultingfromsinusoidal
disturbancesto experimentallydefinethefrequencyresponsefunctions.
TheFouriertransformisusedto showtheessentialequivalenceofthe
methodsandto compsrethem.Thelimitationsofeachmethodofaualysis
ae discussedwithrespedtotheaccura~ofresults,easeofobtaining
andprocessingdata,effeotofme supplysouroesondata,and
economicaluseofengtiandtestfacilities.

turbojetenginewas
sectionoftheIWCA

mounted ona w3ngsectianwhich
Lewisaltitudewindtunnel.The
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altitudeandflightMachnumberweresimulatedinthefollowingmanner.
Ah froma climaticcontrolso~ceWM appliedtothee~~e
througha rampipe. Theenginee-usted intothealtitudewindtunnel,
whichapproachedan infinitesink.Thewindtunnelstaticpressureand
engineinlettotalpressureandtotaltemperaturewerea measureof
simulatedflightspeedandaltitude.

Themaincomponentsoftheengineusedinthisinvestigationcon-
sistedofan eleven-stageaxial-flowcompressor,eightthrough-flow
contmstors,a single-stageturbine,anda fixed+xreaexhaustnozzle.
A sketchofthisengineis showninfigure1.

Fuelsystem.- Thefueldistributionsystemwasofstandarddesigq
exceptforthefuelmeteringvalve.Thisvalvewasdesignedtomaintati
a fixedflowrateforeachvalvepositionindependentofthefuelinlet
pressureandcombustionchauiberpressure.Theconstantflowratewas
matitatiedbyregulatingthepressuredropacrossthefuelvalvewith
a regulatorybypassconnectedacrossthefuelvalve.

An tidependentsourceofvoltagewasusedtoregulatefuelflow
byfeedingthesignalintoa positionalservomotorwhichwascoupledto
thefuelvalvethroughsuitablegem reduction.Becauseofthe
characteristicsofthisfuelflowcontroller,a linearrelationship
existedletweenthefuelvalvepositiond inputsignal.

TheDC voltageleveldeterndnedtheengineoperatingpetit,and
a switchingoftheDC levelsproducedapproximatestepchangesin
fuelflow.A mriallefrequencyvoltagegeneratorproduceda sinusoidal
voltageofrequiredamplitudeandfrequencywhichwassuperimposedona
DC voltagelevel.Inthismanner,a sinusoidallyvmqi-ngfuelflowwas
impressedupontheengineaboutthedesiredoperatinglevel.

.

3hstrumentatim

Allquantitiesmeasuredwererecordedusinginstrum.entationwith
thefollowingcharacteristics:(1)lineerphasesldftandflatfre-
quencyresponse,(2)sensingelementswithsuitabledynamicresponse
andlinearelectricaloutputs,and(3)signalamplificationaboutem
arbitrayoperatingpoint.Thosequantitieswhosecharacteristics
weredefinitelydynemicwererecordedonan oscillographto obtainthe
waveformofthet~ient, whiletheinitial-andfinalequilibrium
pointswererecordedbyphotographingan instrumentpanel.

Instrumentationfortransientdata.- Thesignaloutputsofthe
varioussensingelementsweregenerallytooweaktobe recorded
directlyandsuitableamplifyingequipmentwasthereforenecess=y.

— _.. _
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Theinstrumentationconsistedhasical.lyofa mnltiohmnelreo-m,
associatedamplifiers,andsensingelementforeachchannel.Thetwo
basicrecordingsystemsareshownh figure2.

Enginespeedwassensedbya smallDCmotorooupleddirectlyto
thecmpressorshaft.!llhemotmwasusedasa generatwto cavertthe
rotationalspeedoftheengineintoan electricalsi~ whichwasfed
intoa low-pass,“constantk,”filter(reference4,p. 329)toremove
comutatorrippleandhash. Theresultantsignalwasamplifiedand
recorded.A blockdi~ ofthissystamisshuwninfigure2(a).

Gaspressuresweresensedby commerciallyavailablet~ducers
whichincorpmtedbellowsmechanicallyconnectedtoa bcmdedstrain
gagebridgehavingfouractivegages.5 bridgetialancewasfed
intoa strainamplifierandrecorded.Thesensimgelements(pressure
transducerandconnectingtubing)weredesi~d fm thedesired
pneumaticbehavior(reference5). A blockdfq oftheS@Xml iS
showninfigure2(b).

Fuelflowwasmeasuredwitha differentialpressuretr~ducer
whichmeasuredthepressuredropam?oss= tiice. Fw fuelflow
changesoftheorderof1 percent,thepressuredropwascmsidered
to verylinearlywiththefuelflm’throughthecmifice.Fuelvalve
positionwasconvertedintoanelectricalsignalby a potentiometer
mechanicallycoupledtothefuelvalve.

XoMrumentationforsteady-statedata.- Thephotopanelrecording
ofequilibriumpointswasaccanplishedwitha conventicmalinstrument
panelenda camerarigidlymountedtoavoidmechanicalvibratim.
Pressuresweremeasuredbymanometers,enginespeedby a ohroncmetrio
tachometer,andfuelflowbyrotameters.

Record@ technique.-Whenthe&ginewasinequilibriumatthe
initialcondittms,amdpri.wtotheproposed_@msient,steady-date
informationwasrecordedatthephotopanel.Immediatelyfollcwing
thetransient,informationatthephotopanelwasagainrecorded,thereby
providingcalibrationforeachtraceoftheoscillogmph.Linemity
wasassumedforthecalibration.

Generally,twomethalsofcalibrationwereused,dependingauthe
typeoftransientinvolved.Fora transientinwhichtheinitialand
finalsteady-statevaluesdiffered,calibrationwasobtainedby ustng
valuesobtainedtiomthesteady-stateinstmmentation.Fora trausient
inwhichtheinitialandfinalwlueswereessentiallythesame,a
calibrationwasobtainedbyrecordingsteady-statevaluesfortwo
differentengineconditionswhilemaintainingtheinstrumentaticmgain
settimgsconstant.
thescalegradient

Theoscillographtraces.werethencalibrated~ing
thusobtainedandtheinitialsteady-staterecording.

—.— —. ——
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Procedure

Theturbojetenginewasoperatedat a ccmstantaltitudeof
15,000feetandan inlet&kchnumberof0.22forallrenditionsreported
herein.Stepdisturbancesinthefuelvalvesettingweremadethrough-
outtheenginespeedrange.The_itude ofthesedisturbances
resultedinspeedchangesof1 percentratedeea-levelspeed(0.01IJr).
Inaddition,stepdisturbancesinfuelvalvepositionwereintrcduoed
aboutanaverageoperatingpointof0.94IQ thatresultedh Wed
changesof0.02I&,0.04lTr,and0.08I?r.

Sinusoidaldisturbancesinfuelfloww&6 impresseduponthe
engineintheneighborhoodofthreeoperatingpoints:0.88IT+,0.94Nr,
@ 0.981fr.At thesespeedstheamplitudeofthefuelflowdisturbances

wasadjustedtoa valuesufficientto oausea changeofQ.01 ~ at zero
frequencyforthethreeoperatingpointsinvestigated.k addition,at
0.94ITrtheamplitudeofthestiusoidalfuelflowwasadjustedtopro-
duceenginespeedchangesof&O.02Nr and&O.04I& at zerofiequenoy.

AMALYSIS

Stepfunctionchangesareusefultestdisturbancesindetermdninn
thenatureof%_sponse.Theyareeasilyappliedandoftenapproximate
certain.~peratingconditions.~~~n+nost~-mi%fiol.led systems
are+ri&likelyto encounterin operatim,however,isoneinwhich
%he inputisarbitrarilyvaried;andtherespcmseofthissystemto
sucha randomdisturbancemaybe ooneideredasa ltiwu summationof
sinusoidalfunctionsoveranappropriatefrequencyrange.Forthe
lattercase,a sinusoidaldisturbanceofvariousfrequenciesexperi-
mentallydefinessystemperformance (reference1,ch.4).

FunctionalRelationships

Whena turbojetenginehasa stepinputdisturbanceinfuelflow,
theresponsesindioatethattheengineisa singlecapacitysystem.
Thus,differentialequationsoanbe easilyderivedthatfittheexperi-
mentalresponsecurves(references6 and7). (Allsymbolsusedare
definedinappendix.)

TheseequationsarederivedinappendixB fora turbojetengine
tith3 degreesoffreedom.Theindependentvariables,or inputs,
consideredare: primaryenginefuelflow,reheatfuelflow,andexhaust
nozzlearea.Thefinaleqmtionswhichdescribeengined-c behavior

.- — .—————.. . .- —...—



6 NACATN 2634

areintransferfunctionform,fromwhichit ispossibleto transfomuto
differentialequationform,orfrequencyresponseform.

Enginespeed.- I&amthebasicassumptionsandmathematicaldevelop-
mentshowninappendixB, thesolutionofthedifferentialequation
describingenginespeedresponsetoa stepdisturbanceinfuelflowis

(1)

ThespeedresponseisexponentialinnaturebetweenMtial andfinal
equilibriumpoints.Thespeedgain I#v isa measureof sensitivity
andisthespeedchangeduetoa changeinfuelflow.Theenginet-
constant% isa measureofengineaccelerationandisthetimeforthe
enginetoaccelerateto 63percentofthefinalspeedchange.A
theoreticalspeedresponseto a stepchangeinfuelflowis sho~min
figure3(a).

An experimentalspeedresponseresultingfiomanapproximatestep
changeh fuelflowisshowninfigure4. ~tion showsSOIW
departurefmm a theoreticalfirst-orderresponse.Althoughthe
dominantlaginenginespeedcausedby therotorinertiaispresent,
additionallagsappearatthe* ofthetransient.Theselags=e
muchshorterthanthespeedlagandmaybe attributedtothefollowing
causes:(1)instmumntationlag,includ3ngthelagintroducedby the
speedsignalfilter;(2)fuelsystemlag,orthetimerequiredforthe
fuelflowto increasetotheflowrequiredattheprescribedfuelvalve
setting;and(3)combustionlag,orthetimeneededforcdustion
equilibriumtobereached.

Theprecedinglagsappearasa chainofseriesoonnectedlags
whichcanbe consideredas sequencedsystemsrepresentedby lumped
parameters(reference8, ch.7). Theselagscanbe considereddead
timeintotaleffect.Usableresultsareobtainedby replacingthe
chainwitha systemwhoseresponsetoa stepdisturbanceisrepresented
by deadtimeplusa first-mderresponse.As showninfigure4,the
speedresponsewasextrapolatedexponentiallytotheinitialsteady-
statevalue,andthedifferenceintimebetweenthisvalueandthe
initiationofthetransient(timeoffuelvalvepositionchange)is
considereddeadtime.

Compressor-dischargetotalpressure.- Theresponseofthe
compressor-dischargetotalpressureto anapproximatestepchangein
fueiflow(fig.4)-isseentobe composedoftwoparts.There-isa
suddenpressureriseduetoa fuelflowchangeat constantspeed,
andan exponentialrisedueto speedchangeat constantfuelflow.
Withtheuseofthebasicassumptionsandmathematicaldevelopmentin
appendixB,thetransientresponseoffigure4 canbe describedby

—
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APc 1= ~ #W [1 - (l-d)+=
c

(2)

Thepressuregain ~cw isthetotalchangeinpressureduetoa fuel

flowchange,ad theinttialriseratio d istheratiooftheinitial
pressureriseat constantspeedtothetotalchangeh pressure.A
theoreticalpressureresponseto a stepchangeinfuelflowis shownin
figure3(b).

As withthespeedresponse,thepressureresponsewasassumedto
be@n atthetimecoticidingwiththeextrapolatedinitia2pointofthe
speedresponse.Thetiitialriseisassumedto ocouratthistime.

FourierRepresentation

Anytimeexcitationcmresponsefunotionmaybe specifiedinterms
ofitsfrequencycomponentsaccordingtothemethcilsofFourier.Conse-
quently,itispossibleto dealwiththedynsmicsofltiearsystems
entirelyinthefrequencydomain(reference2, oh.10).

Theusefulpmt oftherecordings(fig.4)wherethefunctionis of
boundedvariation,andstwtsandendsinsteadystate,ale resolved
by thel?ouriertheoremintoindividualharmonicoscillations.IMom
appendixC,thefrequencyresponsefunctionis

Thetwotypes
eachharmonic

KG(io)=
[

T

[

T

COS & dy(t)- i sinatdy(t)

Jo Jo

J:uosdti(
(C5)

of integralcanbe evaluatedby digitalcomputersfor
frequencyco intheform

fromwhichexpression
inwell-knownfashitm

KG(b).A- (Clo)

theamplitudeandphaseanglemnbe detemined
(appendixC).

.. . . . ——.—._—----- .-—. — — -. ___
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The~liaityOf
thefrequencydomain

thiS methodOf
canbe checked

transposingfrom
by’thefoll.uwing

me typicalofengineresponsedata. Givenan input

I?ACATIV2634

.
thethe domainto
functions,which
motion

andan outputfunction

I(t)
-%18

=1+0.le

-m
4

O(t)=l-e

thetheoreticaltransferloci,assm?dngeaohf~ctiontoremt froma
ateptiput,canbe plottedf& both~ctions (fig.5),andthetransfer
locirelatingtheoutputtotheinputme showntifigure6. Also
plottedaretheresultsofFourieranalysisofbothfunctionsfor
24discretefrequencies.At lowfrequencies,theapprcudmationis
practicallyexact;andathightiequenciestheapproximationmelds=
errorof20percentinthephaseanglebutnegligibleerrorin
magnitude.

“

ItrequencyResponse

Ifa systemislinearornearlyso,thesteady-statefrequency
responsemiquelydescribesitscharacteristics.KCheapplicationof
frequencyresponseanalysisto physicalsystemsdoesnothaveto
distinguishletweenlumpedordistributedpmxuneters(reference9,—
pp.126-123).

Thefrequencyresponsefunctionswhich
dataare(reference1,ch.8): forspeed

KG(i@) Em
‘E

bestfittheexperhental

andforpressure

[l+a%im)m(h)) =%cw l+Ti6)

TheseI%equencyspectrameybe graphicallyrepresented(figs.7(a)and
7(b))byplottingthelogarithmoftheoutputmagnitude,andthephase,
asfunctionsofthelogarithmofthefrequency.Typicaldataobtained
hytheshusoidalvariationofthefuelvalveofa turbojetengine
areshowninfigure8.

— ——.
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Severaldynamiccharacteristicsofa turbojetengineweredeter-
minedexperimentallyusingtwooperationalinputs.Thetransientfuel
flowinputwasassumeda stepinputfortheresponsesfromwhichthe
coefficientsofthedifferentialequationsweredetermined,andthe
actualfuelflowinputwasusedinFourieranalysis.A sinusoidalimput
wasusedindirectlydeterminingthefrequencyresponse.Allgains,
timeconstants,andfrequencieshavelinenmadedtinsionlessusingthe
factorsgiveninthesyuibollist(appendixA).

Coefficientsofdifferentialequations.- Theexperimentalindicial
responsesobtainedby approximatestepdisturbancesinthefuelvalve
settingwereanalyzedto yieldthecoefficientsofthedifferential
equationsdescribingthebehavicmofenginespeedandcompressor-discharge
totalpressure(equations(1)and(2)).Thespeedgain ~w, pressure

$a~ ~cw~andinitialriseratio d we showninfigure9 asfunctions

ofenginespeed.Thevariationofengimet~ constantz withen@e
speedisshowninfigure10. Themeasuredtimeconstant,asdiscussed,
intheanalysissectibn,isanapproximationofenginespeedlagand
doesnotincludetheMgher-oMereffectscausedby additionallags.

Theresultsofincreasedmagnitudeofstepdisturbauoesapplied
aboutanaveragespeedof0.94ITrarelistedintableI.

Fourierrepresentation.- Theparticularindicialresponses(fig.4)
weresubjectedtoFourieranalysis.Thetransfer100iofpressure,fuel
flow,andspeedforanassumedstepdisturbanceme plottedinfigureI-1.
Theparticulargainsaremadearlitraryat zerofrequencyforillustra-
tivepurposesonly.

Thefrequencyresponsefunctionrelatingspeedtofuelflowis
obtainedusingequations(C7)and(C8)ofappendixC,andisgraphica~
definedinfigureI-2.Similarly,thetiequencyresponsefunctionrelating
compressor-dischargetotalpressureto fuelflowisillustratedin
figure13. Figure4 representsindicialrespmsescausedby an increase
infuelvalvesettingresultingina finalspeedohangeof 0.08IVr
aboutanaverageoperatingpointof0.94~. A Fourieranalysisofthese
datafieldsm enginetimecmstantzfil of0.67,E@ m =tial rise
ratio d of0.80.Theengtietimeconstantwasdetemnined_bytheinter-
sectionofthetwoasymptotes(fig.12),andtheinitialriseratiowas
determinedby theasymptotetithehigh-frequencyregion(fig.13).

lllrequencyresponse.- Althoughfrequencyspectrawereobtainedfrom
timefunctionswiththeuseoftheFourierintegral,thefrequencyspectra
emedirectlyobtainableustigsinusoidalinputs.Typicalfrequencyspectra

_—— —.~ .— — —-—— ——————
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thusobtaimedareillustratedinfigures14andM. TheresultsofAC
,,

analysisforthreeoperatingpointsarelistedintableIIandtheeffect
ofincreasedamplitudeofdisturbanceisillustratedintable111. The
frequencyrespmsesofspeedtofuelvalvesettingforthethreeampli-
tudesareillustratedinfigure16.

DISCUSSION

Quantitativeinf&hationolumacterizhgenginedynamicresponses
wasobtainedby threemethdsusing
Themethdsarediscussedfa their
putingandengtietimesrequired.

!l%-ient

twoCcm&onGput aistlmbmcss.
relativeaccuracies,andthecom-

Analysis

Althoughthesolutionsofdifferentialequationsdescribing
physicalsystemsgiveanunderstandingof itsperformance,themsthcd
isdifficulttoapplytohigher-ordersystemswithoutundueidealiza-
tion. E theidealizedenginecanberepresentedby a singlecapacity
system,3ndicialresponsescanyielddirectlytherequiredcoefficients
ofthedifferentialequations.E Instrumentation,fuelsystem,com-
bustionlags,andsourcetipedanc6sarenegligible,thedominsdlag
andsensitivitiesCanledeterminedMrectlyficmthetraces(fig.4).

TheassumptionsofappendixB arevalidonlyforsmallinputs.
Hi’gher-ordereffectsmagnifiedby largeinputsmusthe considered.
As an example,thespeedtraceoffigure4 includeswhatis considered
tobe deadtime,lastingfromtheinitiationofthetransienttothe
extrapolatedpointofinitialspeedrespmse.Anotherconsiderationis
thereactanceoftheenginewiththefuelandairsupplies.The
measuredtimelagsemdenginegatnsincludetheeffectof source
impedances;andwiththeuseoftheequationsdevelopedinappendixB,
idealizedthe lagsandenginegainEmaybe calculatedwhiohassume
zeroimpedancesources(fullyregulated-air@ fuelsupplies). ●

A seriesofindicialresponseswillquickl.ybrackettheengine
operatingrangeandyieldthesensitivitiesandlagsforeachoperating
pointtested.Althoughengineoperatingtimeanddatareductiontime
me at a mirdmum,thefolluwlnglimitationsmustbe considered.

-e n~tiearityisillustratedintableI inwhichincreased
magrdtudesofdisturbmceyieldeddecreasedt3melagsanddecreased
valuesfortheinitialriseratio.Tartofthedecreasein engine
the constantcanbe explainedby theenginereactancewiththeair
supplysource(equation(B7)ofappendix). However,themajorpart
ofthedecreaseisattributedtothevariaticmoftheenginetime

—..
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constantwithspeedequilibriumpoint.Forthereqe above0.88ITrthe
effectiveenginetimecdnstantis loweratthetiitiationoftheacc6ler-
ation,thantheeffectivetimeconstantatthefinalequilibriumpetit.

Theinitialriseratio d decreaseswithincreasedamplitudedis-
turhnce(tableI). Reactionbetweenengine@ supplysourceswould
causeincreasedvalues(equation(B20)ofappendix). Forthetest
procedureused,theticreasingmagnitudeswereaccomplishedaboutan
averagepoint0.94Nr;thatis,thelargerstepsstartedprogressively
at lowerspeedsandendedatlrlgherspeeds.ltmnfigure9, itIsseen
thattheinitialriseratiodecreaseswithdecreasingspeed.Therefore,
theinitialpressurerisedueto fuelflowchangeoccursat pro~essively
lowerspeedsforlargesteps,resultimg@ lowerinitialpressure’rise
ratios.

Althoughitisdesiredtousedisturlmncemagnitudesthatareas
smallas possilleto closelyapproximatetheidealizedengine,instru-
mentationsensitivityanderrorplacea lowerlimitontheusable
inputmagnitudes.Withinstrumentationsufficientlysensitivetorecord
engimperturbationsandturbulence,theinput_itudes canbe reduced
onlytothepointatwhichtheresponsesapproachtheozderofthe
inherentrandomnessoftheengfnevariables.

FourierAnalysis

Thefrequencys~ectraofa turbojetengineareoftenusedas an
aidinthesynthesisofenginecontrols,andtransfo~tionfromthe
frequencydomaintothetimedmain isunnecessary(reference2, ch.7).
Inthefrequencydomain,stabilityandeffectivenesscanhe deduced
fromstipleplotsinamethd whichlendsitselftotheuseofanalytical
andexperimentaldata,orto cambinaticmsofboth.Althoughstepfunction
inputscanbe usedto judgethequalityofresponse,timeresponsesare
notessentialforsynthesis.

m an efforttokeepengineoperatingtimeata mbxhnum,andyet
produceenginefrequencyspectra,Fourieranalysiswasperformedonan
inputandthecorrespand~output.Theresultitmagnitudeandphase
spectraareshowninfigures11and12. Althoughengineandequipment
timesareatamlnimum,computingandanalysistimesareat amsxinmm.

Theincreasingamplituderatiointhelow-frequencyregionis
thoughttobe a perturbationoutsidetheenginesystem,andthusnot
attributableto enginedynemics.As canhe seenfromfigu&e11,the
transferlocusofmeasuredfuelfluwtom assumedstepinputoffuel
flowshowsthepresenceofa low-frequencycamponent.Detailedinvestig-
ation ofthedataoffigure4,whichweresubjectedtoFourieranalysis,

——-—..— -. — .—— ——.-
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showsthatfuelflowreaohesa madmumquicu, sluwlydeoreasesto
minimum,thengmaduallyincreasesagainwithtime. Thefrequenoy
spectrumrelatingpressureto fuelflowshowsshdlarbehavior.

Thetransfer100usof speedto anassumedstepdistur%smoe
(fig.I-1)showsa departurefhm a first-ordersystmn.Exminaticm
offigure4 showsa t5medelaysttiingattheinitialpointofthe

2634

a

transient.‘15isdelaytime,ordeadtime,masksthelagtimeofthe
speedresponse:andtheeqytneappearsasa Mghgr-mdersyshn.
However,thefrequencyspectrumrelatingspeedtoaotualfuelflow
(fig.12)consistsofa magnitudespeotrumindicatinga first-tier
system,anda phasespectrumindicatinga higher-adersystm. Thus,
thedelaytimeisetidencedas additionalphaseW,. Thisindioates
thattheengineisnota ndnimalphasesystem(reference9,pp.120-123).
Boththemagnitudeandphasespectraarenecesq todescribeenghe
dyaemicbehatior.Forexezuple,unstableccmibustionduringaocelention
introducesspacederivativesoausi.ngadditionalphaseshifts.EspecialJ-y
forlargedisturlmnoesoffuelflow,enginebehaviordepartsframthat
ofan idealizedengine(lumpedconstant,minimalphase);andengine
behaviorisdesorilmdhy a distributedp$mametersystemwhiohisnotof
tiimalphase.

Compariscmoffigures12and14withfigure7(a)Micates thatthe
speedresponseto actualfuelflowisexponentialinnatureandthatthe
engineisprimarilya first-mdersystmo Theo-son M figure13
and15withfigure7(b)showsthatthepressureresponseto actualfuel
flowisofa lagnature(reference1,p. 265). Thehigh-frequenoy
soatterinfigures12and13isduetothenatureoftheapproximation
used(appendixB) intheFourieranalysis.An inaeaseinthenumber
ofordinatesforapproximatingthetrensientrecordingswouldhave
reducedthehigh-f%equencysoatter. As shownby figures5 and6 this
particularprocedureforFourieranalysisisvalidforfunctionsthat
arecontinuousanddifferentiablef’ort ~ O (appendixC);however,it
isverysensitivetoperturbaticmandnoiseoontainedintheactual
responses,andtothenumberofordinatesused. l?henumberofordinates
persecandoftransienttimemustbe keptashighaspractical.

FrequencyResponse

Becausefrequencyspeotra=e usefulinvisualizingthedynamic
~aoteristicsofa physioalsystem,sinusoidaldisturbanceswere
appliedtotheturbojetengine.Thefrequencyofoscillationwas
increaseduntilreadabilityofdatawaslimitedby instrumentalion.
Figures14and15m plotsofthe”frequencyresponseofspeed,pressure,
d fuelflowtofuelvalveposition.

.

——-——— -- — —.
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IThemagnitudeK G(i@)lis cmposd ofa frequencyinvariant
‘?K anda frequencyvartitpE@ IG(ico). I?orthisinvesti~tion,

13

K
istheenginega~ relatingthe~el va~vepositicmwiththespe~,
pressure,andfuelflow; G(i@)representsthatP* whiohmies tith
frequenoyandit isa functionoftheenbrg stcmageoftheengine.
Figures14andI-5havebeennormalizedby dividing’themagnitudeby K
andthereforeapplyanlytothefreciuencyvmimtportionsofthema@-
tude.

h figure14theWst cornerf!requenoyofthespeedresponse
curvecharacterizestheenginetimeconstant‘c.The45°slopedefines
a first-ordersystem,andthesecondcornerfrequencyisduetothe
laginthefuelsystam.Informationmntainedinthel@her-f&equenoy
~ d~~ates the~twe ofthefuelsystm. H thisresponseis
approximatedby thedrawingofa 45°slopethroughmostofthedata
points,m equivalenttimeconstant%f results.It isseenthatthe
fuelsystemsourcetipedanceisreflectedinthespeedrespanse.
FigureM showsa dmilsreffect.

Theeffectofemplitudeofdisturbanceis illustratedby figure16.
13vzreasedamplitudemelds deoreasedvaluesofenginetimeconstants.
Althoughthema@tude speotrumindicatesa lumpedmustantsystem,the
phasespeotrumindicatesadditionalphaseshiftwhichoanresultfram
deadtime. Thus,theengineisnota minimal.phasesystem.Beoause
theamplituderatioinoreaseswithamplitudeofdisturbanceata
givenfrequency,itispossiblethatthereefistsa deadbandwhich
wouldaccountforthiseffeotfor,intheetire~W%, a disturbance
amplitudeentirelywithinthedeadbandwouldresultin zerooutput
amplitude.

Enginefrequencyresponseappearsto yieldthesameinformationas
transientanalysisandFourier_sis, especially~ tielw-f@W~OY
domain.me methodoffrequenoyrespcmse@elds additionalhigh-
fbquencydata,suohasfuelsystemlag,with thelimitationofthe
typeofimtmmentationused. 5 natureofnonltiemitysuchasdead
ti~a~saa=ti. Enginemd equipmentoperatingtimes,huwever,

Theeffectofexcessivelagsina controlloopforan enginemay
resultininstabilityiftheloopgainistoohigh. Controlsystmns
bemmemoreoscillatoryasthelooP@in isinoreased,andtheoscilla-
tionmn be sustainedindefinitelyor inoreasedwiththm. Although
stabilityoriteriamayindioateforidealizedseoond-mderorfirst-
ordersystemsthatgaincanbe inoreasedindefinitelywithoutinstability,
inphysioalsystemsthisisimpossible.Instabili@wiU alwaysresult
beoauseoffaotorsneglectediutheidealization.E I?yquist’s
criteriondidindioatethepresenceofrootstithpositiverealpdm
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(reference1,p. 175),theoscillationsresultingfroma smalldisturb=ce ‘
wouldnot,ina physimlsystem,Increaseindefinitelyinmagnitude.
Underthesecircumstances,theoscillaticmswillincreaseinmagmitude
untfltheapparatusdestroysitself,oruntilnonlinearitieslimitthe
oscillationsto somefinitema~itude.

A recordingof controlledengineaccelerationusinga highgain
controllerina speed- fuel-flowloopisshowninfigure17. Theblock
diagramofthecontrolloopisshowninfigure18. Fuelsystemlag,
coupledtithcombustiondelaytimeandinstrumentationlag,wassuffic-
ienttoreducethegatimemgintoapproximately26decibels(fig.14).
tifigure17speedis controlledby fuelflow,withanupperlimiton
thefuelvalveopeningtopreventcompressorstall@ surge.As top
speedisapproached,thecontrolgainissuddenlyticreasedinan
effortto increasecontroleffectiveness.Theresultantloopgain,in
thevicinityof26decibels,wassufficientto muse oscillatoryfuel
flowata frequencyinthespectralregionofthefuelsystemtime
constantindicatedinfigure14.

comparisonof

Thetimeconstantwhichresul.ted
wasconsistentlyhigherthanthetime

Methods

fromfrequency
constantwhich

responseanalysis
resultedfrcm

transientanalyeis.Becauseoftheapproximationusedintransient
analysis,thet3meconstantdidnotincludehigher--ereffects;
whereas,theapparentthe constantwhichresultedfromfrequenoy
responseanalysiswasaffectedby thenearnessoftheequivalentfuel
systemtimeconstant(fig.14). S3milarlythevaluesforinitialrise
ratioweredecreasedvaluesbecauseoftheneernessoftheequivalent
fuelsystemtimeconstant(figs.14and15). A comparisonismadein
tableIV.

bcreasedamplitudedisturbancesyieldedresultswhichdemonstrated
enginenonlinearity(tableIII).Forincreasedmagnitudesofdistur-
bances,thefrequencyresponsemethciiagainfieldedvaluesofengine
timeconstantthatwerehigherthanthoseobtainedfromtransient
analysis(tableI). Thus,bothmethodeofamlysisshowedsimilar
nonlineareffectsforevaluatingtheenginetimeconstant.However,
bothmethcdsofanalysisshoweddisshilarnonlineareffectsfor
evaluatingthetitialpressureriseratio.A comparisonismadein
tableV.

Fourieranalysisresultedinvaluesofenginedynamiccharacter-
isticscomparablewiththoseobtatiedbyAC analysisbuthigherthan
thoseobtainedfkomtransientanalysis.As explainedpreviously,
transientanalysisusedanapproximatemethdwhichdidnotinclude
~gher-ordereffects.A canparisonismadeintableVI.

.

——
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A comparisonofthethreemethodsfordetezmdninnthespeedresponse
tofuelflowdistulmncesinthefrequencydomainisshownh figure19.

SUMMARYOFRESU13S

Thethreemethodsofanalysisappliedtoturbojetenginesprciluced
enginedynamicsdatausabletovaryingdegreesincontrolswthesis.
Thechoiceofmethodisdependentontheengineandcalculatingthnes
available,degreeofaccuracydesired,typeofhstrumentationused,
andtheapplicationoftheresults.

Thefollowingresultswereobtainedfromtheevaluationofthe
analyses:

1.Transientanalysisyieldedthelasicenginetimeconstantand
variousenginegainstithminimumengine,computation,andequipment
operatingtime.Underthelimitationofthehstrumentationand
recordingsystem,however,t~ient analysisdidnotyieldtherapid
responseorhigh-frequencycharacteristicsoftheenginead its
associatedsystems.

2.Fourieranalysisofenginetransientdataproducedenginefre-
quencyspectrabeneficialin controlsynthesis.However,thismethod
wassensitiveto instrumentationad approximationerrors.calculathlg
timewasexcessive.Itwouldbe especiallyexcessiveiftheapprox-
imationaccuracywereticreasedinan effortto obtainhigh-frequency
data.

3.AC analysisfieldedhigh-frequencyinformation,suchasfuel
systemlags,attheexpenseofengineandequipmentoperatingMme
andofcalculatingtime. Thistypeofinformationwasnecessaryin
high-speedandhighgaincontrolsystems.

4. Onlyifthesourceimpedanceofthetestfacilitiesandthe
nonlinearitiesoftheturbojetenginewereconsideredcouldaccurate
enginedynamicsdatabe obtainedforuseinhighgaincontrols.

5.Uhdercertainrestrictionsandapprmdmations,functional
relationshipscouldbe usedtoderiveturbojeten@ae transferfunc-
tionswlikhfittheexperimentaldataandwhichareeasilymanipulated
incontrolloopsynthesis.

LewisFlightPropulsionLaboratory
NationalAdvisoryCommitteeforAeronautics

Cleveland,Ohio,November26,1951

—. —-..—.—. —- —.—————— -——.— ..— —. —— —. —



16 NACATN 2634

APPENDIXA
>.

sYmoLs

The followhg symbols are usedinthisreport:

A exhaustnozzlearea,sqft

A,B,C,D constants

d tiitialpressureriseratiodueto stepchangeinfuelflow
(q c

e

f

laseof

initial

naturallo~ithms

pressureriseratiodueto stepchangeinreheatfuel

\ W2/!N
flowat constantA, W, andP; ~

initialpressureriseratio”dueto a stepchangeh areaat
[@c}1 —1

..-

initialpressureriseratioduetoa ste changein iQet total

()

aPc

Tn
pressureat constantW, W2,andA; —

%@

G functionalrelationship

I inputfunction

J polarmomentofinertia,(lb-f%)(sec2)

“

K frequencyirivarimtgain

——.
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%

%p

=nW

%2

Kpca

=PCP

., Kpcw

=PCW2

speed

m
x>

speed

W2)

speed
m
G’

speed

and

gainduetoareachangeat constantW,W2,andP;

rpm/Bqft

gatidueto inlettotalpre8surechangesat constantW,

@AJ ~,r +/ lbSqf%

gaindueto

r
#

lb/hr

gaindueto

fuelflowchangesat constantA, W2) andP;

reheatfuelflow.ohangesat constantW,A,

pressuregainduetoareachange

pre”ssuregaindueto inlettotal

at constantW, W2j andP;

/
ftsqft

,
pressurechangeat constantW,
a~
()TN

pressuregaindue
mc

()
~ a~

K .m=w

pressuregab due
a.

A,ti P; tidW2

tofuelflowchangesat constantW2,A, and P;

toreheatfuelflowc~eB at constantW.

(~,,)().9Nr“
4

speedgainevaluatedat 0.90~, rp lb/hr

/
(KPOJO. 94Nr w-me ~~ e-l@@ at 0.W q, lb/s~ft lb/hr

k proportionalityfactor,
/

lb/eqftrpm.

SC] Laplacetransformation

N enginespeed,rpm

.. —————— ———____ .— —. — — -——..- .— -
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Nr

o

P

Pc

P

Q

s

T

t

W

W2

x

Y

Y

A

o

T

‘cl

ratedsea-levelenginespeed,rpm

outputfunction

engineinlettotalpressure,lbjsqft

compressor-dischargetotalpressure,lb/iqf%

numberofcyclesh t’imeT, cycles

enginetorque,ft-lb

Iaplacianoperatm

totalthe, sec

instantaneoustime,sec

engineprimsryfuelflow,lb/hr

enginereheatfuelflow,lb/hr

tnputfunction

veriable

outputfunction

incrementalchange

correctionfactor,
~+k(3~,A,~~

enginethe constant,aec

enginetimeconstantobtainedbyAC analysisforengine
speedof0.88Nr,andamplitudeof-&Cl.01Nr,sec

equitilentfuelsystemtimeconstant,sec

phaseangle,radians

circularfrequency,radians/see

—— —. .——



NACATN 2634 19

AITENDIXB

DERIVATIONOFTRANSFERFUNCTIONSDESCRIBING

ENGINEDYNAMICBEHAVIOR

Ehaninationoftransientdatasuggeststhatenginelehaviorcanbe
descriledby twogeneraltypesoftransferfunctionsofthefirstorder
(reference2, ch.5),thedominantcharacteristicofwhichisa speed
lag. Thesimultaneousrelationshipsofpressure,temperature,fuel
flow,andairflowleadto quasi-staticassumptions,at leastforsmall
deviatio~fromtheequilibriumpoint(references6 and7). ~ certain.
functionalrelationshipsareassumed,simpletransferfunctionsresult
thatagyeewithexperhentaldata. Thesetransferfunctionsare
restrictedby thefollowingassumptions:

(1)

(2)

(3)

(4)

(5)

(6)

The

Engineis considereda lumpedconstantsystem.

Linearizationaboutanarbitraryoperatingpointapplies.

Conditionsofflightspeedandaltitudeareconstant.

Onlymajorstorageelementisrotorinertia,J.

Allthermc@namicandflowproceesesarequasi-static.

Allsupplysources

expertientalspeed

havezeroimpedance.

EngineSpeed

responseoffigure4 to anapproximatestep
disturbanceinfuelflowindicatesan exponentialrelati~nshi~.Ifth~—
assumptionismadethat

Q’= G(N,W) (Bl)

andthatlinearityappliesforsmalldeviationsfroma steadystateor
equilibriumpetit,then

(B2)

Fora turbojetengineinitiallyin steadystate~’anticremental
increaseinfuelflowproducesanunbalancetorquewhichaccelerates
theenginerotortoa newequilibriumspeed.Usingtherelationship

—— —–—. .-
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AQ = J&

andequating(B3)with(B2)field

NACATN 2634

(B3)

or $()IT
-5zJ-()

m=- W ~ AW (B-4)
1 -*E

()%~

Replacing$ hy theIaplaoienoperator,fartheimltialconditionof

steadystate,equation(B4)becomes,intransferfunotionfam (refer-
ence8, oh.5),

m(s)

wherethespeedgati K& is

()

is -&

m~

.

= A%‘w(g) (B5)

gT
~w aaltheenginetimecanstant‘C

By deftiition,thetransferfunctionistheratiooftheLqibce
transformoftheoutputtotheIaplacetransfmm oftheinput;or&am
equation(B5)

(B6)

Iftheoutputresultsficma stepinputdisturbmce,thentheresponses
areoalledindicialresponses.Theexcitationfunction,or stepdistur-
bance,multipliedby thetransferfunctim(equation(B6)) resultsina
responsetransform

whoseinversetransfmnatim is

—.
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.

,

.

( +-)AN(t) = ~#W 1 - e (B7)

A theoreticalindicialspeedrespomeisshuwni-nfigure3,whichcompares
withtheexperimentalindioialresponseoffigure4. Theindicialrespmse
functioncompletelydefines,aswellasthetransferfunction,therelations
ofa physicalsystem.H theindicialresponseisknown,itispossible
to ccmputewithitshelptheeffectofanyarbitrarydisturbancewhioh
af$ectsthesystem.

Thisspeed- fuel-flowrelationshipappliesforan idealizedengine . “
withonlyonedegreeoffreedom(constantexlumstnozzlearea,zeroreheat
fuel-flow,andconstantinlettotal
restrictions.

Obviously,forchangesin only
othersheldconstant,thefollowing
changes

pressure)ad subjecttothelisted

oneindependentvariable,withthe
transferfunotionsapply:forarea

forreheatfuelflowchanges

%W2
&(s)=— 1 +Ts

andforinlettotalpressmechanges

&g%) =

(B8)

(B9)

(B1O)

Itfollowsfhmthe linearizationassumptionthattheccmibinedspeed
responseresultingfromsimultaneousvariationsofinputvariablesis
thesuperpositionof.responsesfrmnvariationsineach,tiePe~ent
variableseparately.Thustheadditionofequations(B6),(B8),
(B9),and(B1O)istheconibinedspeedresponse,or

‘W2 AW2(S)‘l+~sAN(s)=>AW(S) += * AA(s)+ * AP(s)
1-!-%s

(Bll)

wherethe K’s aredefinedInappendixA.

Italsofollowsfromthelinearization
timeconstant‘c isthesameregardlessof
prcducesacceleration.

assumptionthattheengine
whichindependentv=iable

. .——-—— —-——— ..— —— — . — __—._—. . -. -- —
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Theidealizedtransferfunction(equation(Bll))assumeszero
impedancesources;thatis,theremustbeno reactionbetweentheengine
andtheindependentvariables.However,intm%ojetenginetestinstal-
lations,100percentregulationoffuelandairsuppliesisdifficuit.
Fuelflowdoesnotrespondinstantlytofuelvalvesettingbecauseof
thenecessaryplumhlng;andthevariationinconibustioncha?iberpressure
duringengineaccelerationvariesthepressuredropacrossthefuel
nozzlesandhencevariesthefuelflow.

Similarly,airissuppliedthroughlargeductingandmassfluwis
adjustedby throttling.Regulationduringaccelerationisdifficult
andenginereactancewithairsupplyisnoticeableas indicatedby
figure4. H thechangeininlettotalpressureisassumedproportional
tO speed,

AP=-MN (B12)

Theproporticmalityconstant(-k) isnegativeifthepressure1?
decreasesforincreasesinenginespeed.3?orconstantexhaustnozzle
areaandzeroreheatfuelflow,equation(BQ)becomes

AIT(S)=T+%‘Tr(s)- i%%‘(s)
or

Thus,theexperimentalhdicialresponse(fig.4) bcludesthevariation,
duringacceleration,ofthethrottlinglossesontheairsupply.Com-
parisonofequatim(B13)withequation(B6)indicatesthatthetbm
constant %lW~ andspeeagain ~ ae reduceiivaluesbecaus’eu=l+~p

isalwaysgreaterthanone.

Thetransferfunctionyieldsthefrequencyresponsefunctiontith
the,substitutions . i~ (reference8, oh.3). Ifthederivativesare

asubstituteiiforthe K’s and =
for s,thetransferfunction

becomesa lineariiifferentialequation.

—. -—
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Campremmr-DischargeTotalPressure

. Theexperimentalpressureresponseoffigure4 indicatesthatthere
isan initialpressureriseat constantspeeddueto a fuelflowohange,
anda subsequentpressureriseat constmtfielflowdueto theresultant
speedchange.H,

PC = G(N,W) (B14)

andlinearityisassumedforsmallexmmxlonsfromthesteadystate
point,then

Eromequation(B4)

r)
gl?

()

aPc dll WW
APc=— AW+—

awn l+<g

@)w+(%)N+(%
AW = a AW

d
l+d=z

‘ ~cw ~ AW
l+=m

‘ere %Cw = ~~)w + (*)N = ~ =

()

&c

%-m
andd=—

%Cw
= “initialpressurerise

form,eqution(B15)becomes

(B15)

pressuregain

ratio.Intransferfunction

Therespons~transfm to a unitstepexcitationfunctionis

whoseinverse

APc(s)

transformation

(B16)

.—— ——.. .._. _—.
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[ 1‘qt) = ~#’” 1- (1 - a)e-+ (B18)
,

A theoreticalindicialpressureresponsewhichoompareswiththeeqpri-
mmrbalWicial responseoffigure4 is showninfigure3.

Again,aswiththecanbinedspeedresponse,itfollowsfromthe
linearizationassumpticmthatthepressureresponseresultingfrcnn
simultaneousvariationsoftiputvariablesis

‘c(s)“PC.{-}’”(S)‘%w2{-}Aw@+
‘pa{ }* AA(s)+ ‘p
o .P{*}”(S’‘B”)

Thevaluesofthe K~s end d,f, g,~ h aredefinedinappendixA.

H, again,thechmgeh inlettotal’&essureisassumedtobe pro- .
portionaltothespeedchange,

or,withtheuseofequation(B13),

$ (s)={(2)W,,-,(2)N,J%(*)+(*)N,,
%[%9W,P-G+=J+(%)N,,+(3.,,:s

(B20)

wheretheexperimentalpressureresponsenowinoludesthevariaticmof
thethrottlinglossesontheairsupply,or
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.
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*=%[(%).,-,(2)NJ+(2
J

()WC
b comparisonwithequation(B16),theMtial rise —

~ Njl?
remains

thesamebecauseitisthepressureriseduetofuelflowchangesand
itoccursinitiallyat constmtspeed.Theadditionalpressurerise,

however,is
%[(:):,(2)J; (%

whichcoraparestith&w ~

Of equation(B16).Thisadditionalpresme fise,at cm-t fiel
flOw,dueto sped G- tsa reduc~@ueD C~eQue*tly‘he‘iitial
pressureriseratio

()

&c

TN
d
‘T

isan ticreasedvalue.

Theobservedrespmsesofanypressure,temperature,orthrust
areeimilertotheresponseof compressor-discharfptotalpressure.
Thus,thedevelopmentoftherespectivetransferfunctionsis similar
totheforegoingdevelopment.

.
.

—.——_———.— —-- —-. —.— .—
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Ju?PENDnc

IKmRIERwYsIsoF~m

It ispossibletotr~fom tiomthetimedomaintothef&equency
domainifan arbitoxmyinputad correspond=outputwe lnmwn.E
theinputandoutputererelatedby a transferfunction,then

KG(s)= Jz[Y(t)] S?Loutput]—=
S’[x(t)]S’[inpu~

(cl)

Fora systeminitially

sothatinthiscase

KG(s)

atrest,

S’[i(tu= sfZIY(*)l

s

-
~(t)e-tidt

. sJ?~(t)]. 0

1’

(C2)
sq~(t)l -;(t)e-st~t

.

0

wherethenumeratoranddenominatorareunilateralIaplacetransforms
of ~(t) and ~(t).

Becausee‘St is continuousand y(t) isofboundedvsriationh
(O,-),the%ieltJesintegralof e‘h withrespectto y(t) from O
to * exists(reference10,p. 7).

lYboththenumeratoranddenominatorofequation(C2)converge,
theydefinea functionof s calledtheIaplace-$3tieltjestransfcnms
of y(t)and x(t),respectively(forexample,reference10,ch.2).

However,if

-JoG(s) = e-st d[y(t~
o

s’a

G(s) = e-st y(t)dt
0’

(C3)\

then G(s) i&theLaplacetransformofy(t).

.

—.. . — —— .
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H ~(t) and ;(t) existfor t>O andapproachzerosufficiently
fastsuchthat y(t) and x(t) ae approximatelyconstantfor t>T,
thenequation(Cl)becomes

J
‘e-fi~(t)dt

KG(s)= :m (C4)

By thetransformation
?lourier%tieltjestransfozm

JL

e-at~(t)dt
o

s b, equation(C4)cm bewrittenasa
(r~ference10,p. 252);andthefrequency

responsefunctioncannowbe expressedas-(reference11)

s
‘e-tit~(t)dt

KG(id)= OT

J
e-wt;(t)dt

o

s

T ‘JTj(t)cos& dt - i j(t)sinwtdt
o 0=

J

T JT (C5)

~(t)coscotdt - i &(t)sinmtdt
o 0

Thustherearetwotypesof integralstohe evaluated

~(~] . ‘e[y(’!l- i qy(tfl
~x(t)l - i xx(t)]

Consider

.J

T

J

T

[1Rey= ;(t)COSUt dt= Coscotdy’

Let
o 0

Y=yf-y

where yf isthefinalvalue,then

ay=o - dy

Y=YO

y = “yf -yo=Yo

At t = o,

(C6)

.
...—. —----— —— .. ———-— —..--—.—
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att=T,

MA.CATN 2634

Y=Yf

Y= Yf - Yf=o

Re[y]= .~.o.mdy=f-’os.td=

integrationby partsgives

Is

T o
Re[y]=Yoosmt +0 Ysinc&dt

o T

similarly,

.yo -corYsin(i)tdt (C7)
Jo

.

J

T

q-y] =’ m ti ay
o

IfT o

J

T
h[y] = Y ElnCi)t -al Ycos@tdt= O+@ Y COBah dt

o T o

(C8)

I& T = totaltransienttimeand.p = numberof cyolesintime T.
Thedmmln O<t ST isdividedinto120eqml intervals;andthe
integrationisdoneby uEinga seven-pointnumerioalintegration
soheme(referenceI-2,pt.II, p. 233),in con~unctionwitha digital
computor,

J6
ydt=~

[
41yo+ 216yl+ 27Y2+ 272Y3+ 27Y4

o

then

@=211 raMansx p cycles
cycle 120ortinates

120ordinates
T sec

1+ 216y5+ 41y6

(C9)

2yfpradians=—
T sec

.— —. —-——
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or

where
% 4A(Yf- Yo)= *O Yo= ~40

216Al = ~—wY1=:+0 (Yf- Y~)

%2 = ;+OY2= &2o (Yf- Y2)

. . .

Thusthefrequencyresponsefunctionoanbe readily
frequencyah

‘(b)‘w=%?

29

evaluatedforeach

(Clo)

Theamplitudeandphasearedeteminedinwell-lmmwnfashionas

r
KlG(im)l= ‘- (Cll)

(c12)

——————. —.
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TABLEI - VARIATIONOFEKGINEDYKAMIC

cHARAcmmIsrIcsWI!lmMmNmuDE

OFDISTORMNCE

[Averageoperatingpoint=

=%=

0.94NJ

Maguitudeof Enginetime Initialpressure
disturbance constant riseratio,d
(percentI?r) T~

1

ZEEl
TK81JIlII- VARJXCIONOFENGINED31?MMIC

CHARACEWLSTTCSM ~

IIYAC

[Amplitudeofdisturbance

Operatingpoint
(percentNr)

rr
AIYALYSIS

at zerofrequency= @.ol q
,

-e tm bitialpressure
Condmlt riceratio,d
T/zl

0.67 0.81
.87 ●70
1.00 ..54

.

.

—.— ———— —.———— — ~— . ..— ——. . —— --——— .—
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TABLEIII- VARIATIONOFENGlilEDDWMIC

CRARA~cs WITHMAGXZTDDE

OFDISTURBANCEAS ~

BY FREQUENCYRESPONSE \

[operatingpoint= 0.94I?r]e

Amp~tudeof EnginetiresJnitialpressure
disturbauoe Constemt riseratio,d
(percentITr) T1%1

Q 0.87 0.70
&2 .86 .72
*3.5 .72 .78
* .67 .80

‘T&BILEIV - COMPARISONOFENGZK12DYMMIC

“ti~CS OBTA13TEDBY TWO

METHODSOF~XSIS FOR

0.01,ITrD~~

!13mnsientanalysis AC ~lySiS

OperatingpointEnginetimebitialEnginetimeInitial
(percent~) constant rise constant rise

T /’T~ ratio ‘c/T1 ratio
d d

98 0.61 0.92 0.67 0.81
94 .78 .80 .87 .70
88 .98 .67 1.00 ●54
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TABLET” COMPARISONOFENGINEDYNAMICCEKRACT!ERISTICS

OBTKUllHlBY TWOMEIEODSOFANALYSISFORVARYING

MAGNITUDES0)?DE3TOIWNCR3

[Averageoperatingpoint. 0.94Nr] e

Transientanalysis AC analyaie
MagnitudeofEnginetimeIid+ialAmplitudeofEnginetimetiitial
disturbance Consteultrise disturbance
(percentNr)

constant rise
T/Tl ratio (percentNr) T/Tl ratio

d d
1 0.78 0.80 *1 0.87 0.70
2 *74 .80 52

●86 .72
4 .68 .75 23.5 .72 .78
8 .61 .71 *6 .67 .80

‘l!ABIEvI - COMPARISONOFENGINEDYNAMICCHARACTEKEWICS

(I13TAliTEDBY THREEMETHODSOFANALYSIS

[Averageoperatingpoint.0.94~;

appromte magaitudeofdisturbance= 0.08~]

Methodofanalysisfiginetimebitial
constant rise
~h~ ratio

d

Transient 0.61 0.71
Fourier .67 .80
Ereq,uencyresponse .67 .80

33
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